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Introduction

Deep-inelastic lepton-hadron scattering (e±p, e±n, νp, ν̄p, ... -
collisions)
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Introduction

Deep-inelastic lepton-hadron scattering (e±p, e±n, νp, ν̄p, ... -
collisions)

lepton

hadron

lepton’k

k’

P

Gauge boson q

X

=⇒

lepton

hadron

lepton’k

k’

p

p’

q

P

Gauge boson

Gauge boson:
γ, Z0 - NC
W± - CC

Kinematic variables

momentum transferQ2 = −q2 > 0

Bjorken variablex = Q2/(2P · q)

Inelasticityy = (P · q)/(P · k)
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Leptonic tensor

dσ ∼ LµνWµν

lepton
lepton’k

k’

q
Gauge boson

⇒ Lµν-leptonic tensor

Lµν = A× (kµk′ν + kνk′µ − k · k′gµν) +B ×
(

iǫµναβkαk′β
)

CoefficientsA andB are real and depend on the process.

Charged Current Deep Inelastic scattering at three loops – p. 4



Leptonic tensor

dσ ∼ LµνWµν

lepton
lepton’k

k’

q
Gauge boson

⇒ Lµν-leptonic tensor

Lµν = A× (kµk′ν + kνk′µ − k · k′gµν) +B ×
(

iǫµναβkαk′β
)

CoefficientsA andB are real and depend on the process.

B 6= 0 for NC withZ0, CC or polarized processes (e.g.,e± at HERA )
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Hadronic tensor

hadron
p

p’

P

Gauge boson
q

⇒ Wµν-hadronic tensor
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Hadronic tensor

hadron
p

p’

P

Gauge boson
q

⇒ Wµν-hadronic tensor

Wµν = eµν

1

2x
FL(x,Q2) + dµν

1

2x
F2(x,Q

2) + iǫµναβ

Pαqβ

P ·q
F3(x,Q

2)

eµν , dµν - tensors, depend onP, q. symmetric underµ↔ ν
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Structure functions

F2,L,3(x,Q
2) =

∑

p (partons)

e2p

∫ 1

x

dz f̂p

(x

z

)

F̂ p
2,L,3(z,Q

2)

≡
∑

p

e2pf̂p (y) ⊗ F̂ p
2,L,3(z,Q

2), z = Q2/(2p · q)
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Structure functions

F2,L,3(x,Q
2) =

∑

p (partons)

e2p

∫ 1

x

dz f̂p

(x

z

)

F̂ p
2,L,3(z,Q

2)

≡
∑

p

e2pf̂p (y) ⊗ F̂ p
2,L,3(z,Q

2), z = Q2/(2p · q)

Naive Parton Model: partons (quarks) are non-interacting point particles
e.g. pure electromagnetism

F̂ p
2 (z,Q2) = δ(1− z)⇒ F2(x,Q

2) =
∑

p e
2
p f̂p (x)
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Neutral Currente±p cross section

d2σNC(e±p)

dxdQ2
=

2πα2

xQ4
[(1 + (1− y)2)F2 − y

2FL ∓ (1− (1− y)2)xF3]

F2 =
∑

q

Aq x (q + q̄) with Aq = eq2 +O

(

Q2

Q2 +M2
Z

)

F3 =
∑

q

Bq x (q − q̄) with Bq = O

(

Q2

Q2 +M2
Z

)

Charged Currente±p cross section−→ flavour separation:

d2σCC(e+p)

dxdQ2
=
G2

F

2π

(

M2
W

M2
W +Q2

)2
[

ū+ c̄+ (1− y)2(d+ s)
]

d2σCC(e−p)

dxdQ2
=
G2

F

2π

(

M2
W

M2
W +Q2

)2
[

u+ c+ (1− y)2(d̄+ s̄)
]
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QCD improved parton model

F2(x,Q
2) =

∑

p (partons−q,q̄,g)

[

PDFp

(

αs(Q
2), Q2

)

⊗ C2,p

(

αs(Q
2)

)]

(x)
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QCD improved parton model

F2(x,Q
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∑

p (partons−q,q̄,g)

[

PDFp

(

αs(Q
2), Q2

)
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(
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2)

)]
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C2,p - Wilson coefficients, calculable in perturbative QCD
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QCD improved parton model

F2(x,Q
2) =

∑

p (partons−q,q̄,g)

[

PDFp

(

αs(Q
2), Q2

)

⊗ C2,p

(

αs(Q
2)

)]

(x)

C2,p - Wilson coefficients, calculable in perturbative QCD

PDFp - Parton Distribution Functions
NOT calculable in p.QCD.
Extracted from data [HERA, Tevatron, fixed target exp.]
Evolution of PDF’s is calculable in p.QCD from evolution equation

d

d lnQ2
PDFp1

=
[

Pp1p2

(

αs(Q
2)

)

⊗ PDFp2

(

αs(Q
2), Q2

)]

(x)

Pp1p2
- Splitting functions, calculable in p.QCD

=⇒
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Evolution (the physical picture)

Proton:
probed with increasing
resolution1/Q
lower momentumpartonsare
resolved
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Evolution (the physical picture)

Proton:
probed with increasing
resolution1/Q
lower momentumpartonsare
resolved

Feynman diagrams at leading order

DGLAP:
can be solved, if PDFs are
given at input scaleQ0 as
function ofx

Q2

∂Q2

[

q

g

]

=

[

Pqq Pqg

Pgq Pgg

]

⊗

[

q

g

]
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Experiments

EW unification: neutral vs . charged current at HERA
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Experiments

EW unification: neutral vs . charged current at HERA

Charged and neutral deep in-
elastic scattering cross sections
become comparable whenQ2

reaches the electroweak scale

⇐=
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Polarized charged current DIS at HERA
CC cross section modified by polarization:

σe±p
CC (Pe) = (1± Pe) · σ

e±p
CC (Pe = 0) Pe =

NR −NL

NR +NL

Cross section is linearly proportional to polarization

Standard model predicts zero cross section forPe = +1(−1) in e−(+)

scattering
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NuTeV experiment

The Paschos-Wolfenstein relation
Exact relation for massless quarks and isospin zero target
Paschos,Wolfenstein’73, Llewelin Smith’83

R− =
σν

NC − σ
ν̄
NC

σν
CC − σ

ν̄
CC

=
1

2
− sin2 θW
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NuTeV experiment

The Paschos-Wolfenstein relation
Exact relation for massless quarks and isospin zero target
Paschos,Wolfenstein’73, Llewelin Smith’83

R− =
σν

NC − σ
ν̄
NC

σν
CC − σ

ν̄
CC

=
1

2
− sin2 θW

QCD corrections tothe Paschos-Wolfenstein relation
Use second moments of PDFsq− =

∫

dxx(q − q̄) and expansion in
isoscalar combinationu− + d−

Davidson, Forte, Gambino, Rius, Strumia hep-ph/0112302
Dobrescu, Ellis hep-ph/0310154

R− =
1

2
− sin2 θW +

[

1−
7

3
sin2 θW +

8αs

9π

(

1

2
− sin2 θW

)]

×

(

u− − d−

u− + d−
−

s−

u− + d−
+

c−

u− + d−

)

Main uncertainties ins−: e.g. fit of MRST
Martin, Roberts,Stirling, Thorne hep-ph/0411040
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Calculations of the third order QCD corrections

Parton level⇒

ν

q

d

u

W+

e−

N Exchange viaW± gauge boson
Vector and Axial-Vector
interaction: aγµ + bγµγ5
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Calculations of the third order QCD corrections

Parton level⇒

ν

q

d

u

W+

e−

N Exchange viaW± gauge boson
Vector and Axial-Vector
interaction: aγµ + bγµγ5

Beyond LO⇒

ν

q

d

W+

e−

N One has to take into account all
possible final states up to fixed
order inαs (including virtual
corrections)

Our calculations: up toα3
s
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Current state in the determination of the structure functio ns

F ep
i via one photon exchange:

LO - Gross, Wilczek’73;Altarelli ,Parisi’77 (*)
NLO - Bardeen, Buras, Duke, Muta’78 (**)
NNLO - Zijlstra, van Neerven’92 (***)
N3LO - Moch, Vogt, Vermaseren’05 (****)
i = 2, L-needsevenMellin moments (MM),i = 3 needsoddMM
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N3LO - Moch, Vogt, Vermaseren’05 (****)
i = 2, L-needsevenMellin moments (MM),i = 3 needsoddMM

F νp+ν̄p
2,L andF νp+ν̄p

3 :

LO, NLO - (**), NNLO - (***), N 3LO - (****)
AgainevenandoddMM moments correspondingly [Balin, Love,
Nanopoulos’74;Politzer’74] (#)
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Current state in the determination of the structure functio ns

F ep
i via one photon exchange:

LO - Gross, Wilczek’73;Altarelli ,Parisi’77 (*)
NLO - Bardeen, Buras, Duke, Muta’78 (**)
NNLO - Zijlstra, van Neerven’92 (***)
N3LO - Moch, Vogt, Vermaseren’05 (****)
i = 2, L-needsevenMellin moments (MM),i = 3 needsoddMM

F νp+ν̄p
2,L andF νp+ν̄p

3 :

LO, NLO - (**), NNLO - (***), N 3LO - (****)
AgainevenandoddMM moments correspondingly [Balin, Love,
Nanopoulos’74;Politzer’74] (#)

F νp−ν̄p
2,L andF νp−ν̄p

3 :
NEW oddMM for the first case andevenfor the second case (#). It is the
main difference in the determination of these structure functions.
LO, NLO - (**), NNLO - (***)
Our calculation - up to N3LO (∼ αs

3) for the coefficient functions .
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Optical theorem

The hadronic tensor is related to the imaginary part of the forward
Compton scattering amplitude

α3
s calculation in DIS with help ofloop technology

f (p)

γ∗(q)

f (p)

γ∗(q)

f (p)

γ∗(q)2

←→

Wµν(p, q) =
1

2π
ImTµν(p, q)

Calculation of Mellin moments

FN (Q2) =

∫ 1

0

dxxN−1F (x,Q2)
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Operator product expansion

Optical theorem relates hadronic tensorWµν to imaginary part of
Compton amplitudeTµν

Wµν = eµν

1

2x
FL(x,Q2) + dµν

1

2x
F2(x,Q

2) + iǫµναβ

Pαqβ

P ·q
F3(x,Q

2)

Operator product expansion ofTµν for short distancesz2 ≃ 0 in Bjorken
limit Q2 →∞, x fixed
Christ, Hasslacher, Mueller ‘72

Tµν = i

∫

d4z eiq·z〈P|T
(

J†
µ(z)Jν(0)

)

|P〉

=
∑

N,j

(

1

2x

)N
[

eµν C
N
L,j

(

Q2

µ2
, αs

)

+ dµν C
N
2,j

(

Q2

µ2
, αs

)

+iǫµναβ

pαqβ

p·q
CN

3,j

(

Q2

µ2
, αs

)

]

Aj
P,N

(

µ2
)

+ higher twists
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Operator product expansion
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∫
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(

J†
µ(z)Jν(0)

)

|P〉

=
∑

N,j

(

1

2x

)N
[

eµν C
N
L,j

(

Q2

µ2
, αs

)

+ dµν C
N
2,j

(

Q2

µ2
, αs

)

+iǫµναβ

pαqβ

p·q
CN

3,j

(

Q2

µ2
, αs

)

]

Aj
P,N

(

µ2
)

+ higher twists

hard scattering coefficient functions in Mellin spaceCN
i,j (our interest )
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Operator product expansion

Optical theorem relates hadronic tensorWµν to imaginary part of
Compton amplitudeTµν

Wµν = eµν

1

2x
FL(x,Q2) + dµν

1

2x
F2(x,Q

2) + iǫµναβ

Pαqβ

P ·q
F3(x,Q

2)

Operator product expansion ofTµν for short distancesz2 ≃ 0 in Bjorken
limit Q2 →∞, x fixed
Christ, Hasslacher, Mueller ‘72

Tµν = i

∫

d4z eiq·z〈P|T
(

J†
µ(z)Jν(0)

)

|P〉

=
∑

N,j

(

1

2x

)N
[

eµν C
N
L,j

(

Q2

µ2
, αs

)

+ dµν C
N
2,j

(

Q2

µ2
, αs

)

+iǫµναβ

pαqβ

p·q
CN

3,j

(

Q2

µ2
, αs

)

]

Aj
P,N

(

µ2
)

+ higher twists

hard scattering coefficient functions in Mellin spaceCN
i,j (our interest )

leading twist matrix elementsAi
P,N of parton operatorsOi, i = ns, q, g
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Operator basis

Oα,{µ1,··· ,µN} = ψλαγ{µ1Dµ2 · · ·DµN}ψ, α = 1, 2, ..., (n2
f − 1)
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Operator basis

Oα,{µ1,··· ,µN} = ψλαγ{µ1Dµ2 · · ·DµN}ψ, α = 1, 2, ..., (n2
f − 1)

Method of projection
Gorishnii, Larin, Tkachev ‘83; Gorishnii, Larin ‘87

Operator product
expansion−→
Green functions with ex-
ternal partons
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Operator projects outN -th moment

PN ≡

[

q{µ1 · · · qµN}

N !

∂N

∂pµ1 · · ·∂pµN

]
∣

∣

∣

∣

∣

p=0

ProjectionPN ⇒

only tree level operator
matrix elements survive

method needs dimensional
regularizationD = 4− 2ǫ
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In practice

The calculation

Big number of diagrams⇒ need of automatization
e.g. DIS structure functionsF νp±ν̄p

2,L , F νp±ν̄p
3 - 1314 diagrams up to3

loops
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latest version of FORM [Vermaseren, version 3.1,04-sep-2005.]
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2,L , F νp±ν̄p
3 - 1314 diagrams up to3

loops

latest version of FORM [Vermaseren, version 3.1,04-sep-2005.]

QGRAF 7→ generation of diagrams for DIS structure functions
[Nogueira’93]
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In practice

The calculation

Big number of diagrams⇒ need of automatization
e.g. DIS structure functionsF νp±ν̄p

2,L , F νp±ν̄p
3 - 1314 diagrams up to3

loops

latest version of FORM [Vermaseren, version 3.1,04-sep-2005.]

QGRAF 7→ generation of diagrams for DIS structure functions
[Nogueira’93]

Calculation of diagrams7→

MINCER in FORM [Larin, Tkachev, Vermaseren’91]

What does MINCER do?
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MINCER minces integrals
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Feynman diag’s into MINCER

Method of projection in pictures
Identify scalar topologies

Scalar diagram with external
momentaP andQ

=

∫ 3
∏

n

dDln
1

(P − l1)2
1

l21 . . . l
2
8

N -th moment:
−→ coefficient of(2P ·Q)N =

(2P ·Q)
N

(Q2)
N+α

CN

Taylor expansion
1

(P − l1)2
=

∑

i

(2P · l1)i

(l21)
i+1

−→
(2P · l1)N

(l21)
N

Feed scalar two-point functions in MINCER
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Mincer
∫

dP ∂
∂P µ [(P − lj)µ × I(l1, .., P, ...)] = 0 - integration by part identities

t’Hooft, Veltman‘72; Chetyrkin , Tkachov ‘81
Leibniz, Newton :-)

Charged Current Deep Inelastic scattering at three loops – p. 22



Mincer
∫

dP ∂
∂P µ [(P − lj)µ × I(l1, .., P, ...)] = 0 - integration by part identities

t’Hooft, Veltman‘72; Chetyrkin , Tkachov ‘81
Leibniz, Newton :-)

Triangle rule
Define
I(α0, β1, β2, α1, α2) =

∫

dDP
1

(P 2)α0((P + P1)2)β1(P 2
1 )α1((P + P2)2)β2(P 2

2 )α2

and act the integrand with∂
∂Pµ

Pµ = D + Pµ
∂

∂Pµ
. Result⇒

Recursion relation :

I(α0, β1, β2, α1, α2)× (D − 2α0 − β1 − β2) =

β1(I(α0 − 1, β1 + 1, β2, α1, α2)− I(α0, β1 + 1, β2, α1 − 1, α2))

β2(I(α0 − 1, β1, β2 + 1, α1, α2)− I(α0, β1, β2 + 1, α1, α2 − 1))
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Mincer
∫

dP ∂
∂P µ [(P − lj)µ × I(l1, .., P, ...)] = 0 - integration by part identities

t’Hooft, Veltman‘72; Chetyrkin , Tkachov ‘81
Leibniz, Newton :-)

Triangle rule
Define
I(α0, β1, β2, α1, α2) =

∫

dDP
1

(P 2)α0((P + P1)2)β1(P 2
1 )α1((P + P2)2)β2(P 2

2 )α2

and act the integrand with∂
∂Pµ

Pµ = D + Pµ
∂

∂Pµ
. Result⇒

Recursion relation :

I(α0, β1, β2, α1, α2)× (D − 2α0 − β1 − β2) =

β1(I(α0 − 1, β1 + 1, β2, α1, α2)− I(α0, β1 + 1, β2, α1 − 1, α2))

β2(I(α0 − 1, β1, β2 + 1, α1, α2)− I(α0, β1, β2 + 1, α1, α2 − 1))

In pictures
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Classification of loop integrals

Classify according to topology of underlying two-point function

top-level topology types ladder, benz, non-planar

Using IBP identities more complicated topologies are reduced to simpler
topologies
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Renormalization - a subtle point for F3

Larin, Vermaseren‘91

γ5 with the Larin prescription
γµγ5 = i

1

3!
ǫµνστγ

ργσγτ

Violates the axial Ward identity. To be restored by an additional
renormalizationZA:( in MS)

ZA = 1 +

(

αs(µ
2)

4π

)2
1

ε

[

22

3
CACF −

4

3
CFnf

]

+O(αs
3)

The treatment ofγ5 in D = 4− 2ε introduces an extra finite
renormalization withZ5 . It is derived inMS from

(RMSVµ)γ5 = Z5(RMSAµ),

RMS - denotes renorm. operator inMS to remove UV divergencies

Z5 = 1−
αs(µ

2)

π
CF +

(

αs(µ
2)

4π

)2 [

22C2
F −

107

9
CACF +

2

9
CFnf

]

+O(αs
3)
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Checks

recalculation of known even MM forF2,L and odd MM forF3
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Checks

recalculation of known even MM forF2,L and odd MM forF3

Calculations with gauge parameter of fixed “low order”Mellin moments
(up to 9’th at the moment)

i
−gµν + (1− ξ)qµqν

q2 − iǫ
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Checks

recalculation of known even MM forF2,L and odd MM forF3

Calculations with gauge parameter of fixed “low order”Mellin moments
(up to 9’th at the moment)

i
−gµν + (1− ξ)qµqν

q2 − iǫ

Sum rules calculations in DIS
N Gross - Llewellyn Smith sum rule and Bjorken sum rule
[ Larin, Vermaseren,91]

∫ 1

0

dx(F ν̄p
1 (x,Q2)−F νp

1 (x,Q2)) = 1,

∫ 1

0

dx(F ν̄p
3 (x,Q2)+F νp

3 (x,Q2)) = 6

N Adler sum rule, Gottfried sum rule[Broadhurst, Kataev, Maxwell’04]
Conjucture of colour coefficients of coefficient functions “even" - “odd"
Difference∼ (CF − CA/2) subleading color
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Example results

Preliminary
c
(0),ns
3,q (4) = 1 c

(1),ns
3,q (4) = CF ∗ (73/20)

c
(2),ns
3,q (4) = CF ∗ nf ∗ (−1073981/108000)

+CF ∗ CA ∗ (+3575579/54000− 227/5 ∗ ζ3)

+CF
2 ∗ (−59219099/6480000 + 28 ∗ ζ3)

c
(3),ns
3,q (4) = CF ∗ nf

2 ∗ (+12195323/1749600 + 628/405 ∗ ζ3)

+CF ∗ CA ∗ nf ∗ (−529878917/3499200− 314/15 ∗ ζ4 + 29266/405 ∗ ζ3)

+CF ∗ CA
2 ∗ (+8293616147/17496000 + 1430/3 ∗ ζ5

+1439/150 ∗ ζ4 − 1625431/2025 ∗ ζ3)

+CF
2 ∗ nf ∗ (−18625311191/109350000 + 314/15 ∗ ζ4 + 38021/675 ∗ ζ3)

+CF
2 ∗ CA ∗ (+1003904196083/1749600000− 208 ∗ ζ5

−1439/50 ∗ ζ4 − 185929/2250 ∗ ζ3)

+CF
3 ∗ (−48030418393/5832000000− 704/3 ∗ ζ5

+1439/75 ∗ ζ4 + 9183239/40500 ∗ ζ3)
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Summary

We have obtainednewresults at orderα3
s for F νp−ν̄p

2,L (odd) andF νp−ν̄p
3

(even)

Charged Current Deep Inelastic scattering at three loops – p. 27



Summary

We have obtainednewresults at orderα3
s for F νp−ν̄p

2,L (odd) andF νp−ν̄p
3

(even)

In the near future we are going to get also results for symbolicN
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Summary

We have obtainednewresults at orderα3
s for F νp−ν̄p

2,L (odd) andF νp−ν̄p
3

(even)

In the near future we are going to get also results for symbolicN

We master the whole chain of the calculation:

Generation of diagrams withQGRAF (topologies)
Generation of database of Feynman graphs with aFORM program
(depend on the process considered)
Automatic evaluation of diag’s from this database usingMINCER
programm
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Summary

We have obtainednewresults at orderα3
s for F νp−ν̄p

2,L (odd) andF νp−ν̄p
3

(even)

In the near future we are going to get also results for symbolicN

We master the whole chain of the calculation:

Generation of diagrams withQGRAF (topologies)
Generation of database of Feynman graphs with aFORM program
(depend on the process considered)
Automatic evaluation of diag’s from this database usingMINCER
programm

Outlook
We can use it for other applications
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N = 4 Super Yang-Mills theory

Maximally supersymmetric Yang-Mills theory in four dimensions
(MSYM)

renewed interest from AdS/cfT and from twistor space methods
simple planar limit for largenc

vanishingβ-function (conformal invariance)
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N = 4 Super Yang-Mills theory

Maximally supersymmetric Yang-Mills theory in four dimensions
(MSYM)

renewed interest from AdS/cfT and from twistor space methods
simple planar limit for largenc

vanishingβ-function (conformal invariance)

relation between QCD andN = 4 Super Yang-Mills

QCD results carry over to MSYM (no formal proof exists)
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N = 4 Super Yang-Mills theory

Maximally supersymmetric Yang-Mills theory in four dimensions
(MSYM)

renewed interest from AdS/cfT and from twistor space methods
simple planar limit for largenc

vanishingβ-function (conformal invariance)

relation between QCD andN = 4 Super Yang-Mills

QCD results carry over to MSYM (no formal proof exists)

KLOV conjecture (verified at two loops)
Kotikov, Lipatov, Onishchenko, Velizhanin ‘04
Relation for splitting functionsPi,j(x) in QCD andN = 4 SYM. For the
full N = 4 SYM result from QCD use

principle of “leading transcendentality” - keep only highest weight
(e.g.,ζn, Lin, Lin−1,1- have “transcendentality”n)
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N = 4 Super Yang-Mills theory

Maximally supersymmetric Yang-Mills theory in four dimensions
(MSYM)

renewed interest from AdS/cfT and from twistor space methods
simple planar limit for largenc

vanishingβ-function (conformal invariance)

relation between QCD andN = 4 Super Yang-Mills

QCD results carry over to MSYM (no formal proof exists)

KLOV conjecture (verified at two loops)
Kotikov, Lipatov, Onishchenko, Velizhanin ‘04
Relation for splitting functionsPi,j(x) in QCD andN = 4 SYM. For the
full N = 4 SYM result from QCD use

principle of “leading transcendentality” - keep only highest weight
(e.g.,ζn, Lin, Lin−1,1- have “transcendentality”n)

set MSYM identification for color coefficientsCA = CF = nc

nf -terms do not contribute at highest transcendentality
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Anomalous dimensions of MSYM

KLOV obtained universal anomalous dimension
γ

(n)
ij (N) = −

∫ 1

0
dx xN−1 P

(n)
ij (x) in MSYM to three loops using QCD

results ofMoch, Vermaseren, Vogt‘04
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Anomalous dimensions of MSYM

KLOV obtained universal anomalous dimension
γ

(n)
ij (N) = −

∫ 1

0
dx xN−1 P

(n)
ij (x) in MSYM to three loops using QCD

results ofMoch, Vermaseren, Vogt‘04

at l-loops harmonic sums of weightw = 2l − 1 are the terms of
“leading transcendentality”

is

γ(j) ≡ γuni(j) = âγ
(0)
uni(j) + â2γ

(1)
uni(j) + â3γ

(2)
uni(j) + ..., â =

αNc

4π
, (9)

where

1

4
γ

(0)
uni(j + 2) = −S1, (10)

1

8
γ

(1)
uni(j + 2) =

(

S3 + S
−3

)

− 2 S
−2,1 + 2 S1

(

S2 + S
−2

)

, (11)

1

32
γ

(2)
uni(j + 2) = 2 S

−3 S2 − S5 − 2 S
−2 S3 − 3 S

−5 + 24 S
−2,1,1,1

+6
(

S
−4,1 + S

−3,2 + S
−2,3

)

− 12
(

S
−3,1,1 + S

−2,1,2 + S
−2,2,1

)

−
(

S2 + 2 S2
1

)(

3 S
−3 + S3 − 2 S

−2,1

)

− S1

(

8 S
−4 + S

2
−2

+4 S2 S
−2 + 2 S2

2 + 3 S4 − 12 S
−3,1 − 10 S

−2,2 + 16 S
−2,1,1

)

(12)

and Sa ≡ Sa(j), Sa,b ≡ Sa,b(j), Sa,b,c ≡ Sa,b,c(j) are harmonic sums Charged Current Deep Inelastic scattering at three loops – p. 29



The results were checked by
Bern, Dixon, Smirnov’ 05
from the value of the1/ε2 in the scattering amplitude.

Large spin limitN →∞ for γ(N)⇐⇒ x→ 1 limit for P (n)
ij (x) splitting

function

P
(n)
aa,x→1 =

Aa
n+1

(1− x)+
+Ba

n+1δ(1− x) + Ca
n+1 ln(1− x) +O(1)

Moch, Vermaseren, Vogt

Aq
1 = 4CF · 1

Aq
2 = 8CF

[(

67

18
−ζ2

)

CA −
5

9
nf

]

Aq
3 = 16CFC

2
A[

245

24
−

67

9
ζ2 +

11

6
ζ3 +

11

5
ζ2
2
] + 16CFnf [−

55

24
+ 2ζ3]

+16CFCAnf [−
209

108
+

10

9
ζ2−

7

3
] + 16CFn

2
f [−

1

27
]
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The results were checked by
Bern, Dixon, Smirnov’ 05
from the value of the1/ε2 in the scattering amplitude.

Large spin limitN →∞ for γ(N)⇐⇒ x→ 1 limit for P (n)
ij (x) splitting

function

P
(n)
aa,x→1 =

Aa
n+1

(1− x)+
+Ba

n+1δ(1− x) + Ca
n+1 ln(1− x) +O(1)

Moch, Vermaseren, Vogt

Aq
1 = 4CF · 1

Aq
2 = 8CF

[(

67

18
−ζ2

)

CA −
5

9
nf

]

Aq
3 = 16CFC

2
A[

245

24
−

67

9
ζ2 +

11

6
ζ3 +

11

5
ζ2
2
] + 16CFnf [−

55

24
+ 2ζ3]

+16CFCAnf [−
209

108
+

10

9
ζ2−

7

3
] + 16CFn

2
f [−

1

27
]

m
Bern, Dixon, Smirnov

f
(1)
0 = 1, f0 = −ζ2, f

(3)
0 =

11

2
ζ4 =

11

5
ζ2
2
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also checked by all orders proposal of
Eden, Staudacher hep-th/0603157

f0(g) = 4g2 −
2

3
π2g4 +

11

45
π4g6 −

(

73

630
π6 − 4ζ2

3

)

g8 + ...

Direct prediction for highest transcendentality term inAq
4

Aq
4→CF C

3
A

(

73

630
π6 − 4ζ2

3

)
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Outlook 2

We can do with our tools
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calculation of universal anomalous dimensionγuni to three loops
from first principles

Charged Current Deep Inelastic scattering at three loops – p. 32



Outlook 2

We can do with our tools

calculation of universal anomalous dimensionγuni to three loops
from first principles

direct check ofKLOV conjecture

Charged Current Deep Inelastic scattering at three loops – p. 32



Outlook 2

We can do with our tools

calculation of universal anomalous dimensionγuni to three loops
from first principles

direct check ofKLOV conjecture

look inside into the rule of “leading transcendentality ”
QCD→ N = 4 SYM

Charged Current Deep Inelastic scattering at three loops – p. 32



Outlook 2

We can do with our tools

calculation of universal anomalous dimensionγuni to three loops
from first principles

direct check ofKLOV conjecture

look inside into the rule of “leading transcendentality ”
QCD→ N = 4 SYM

in the far future : attackAq
4
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